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Abstract
Spin dependencies of the intensity and polarization of the synchrotron radiation of the
longitudinally polarized particle performing uniform circular motion in the magnetic field
are investigated.
As it is well known, the synchrotron radiation (SR) of the polarized particle contains a
contribution due to the spin. Quantum mechanical theory of the spin dependence of the
characteristics of the SR from polarized electron was developed by Sokolov and Ternov [1].
In [2] was suggested, that the spin dependence of the SR may be used to measure the degree
of the beam transverse polarization. In [3] a method to measure the degree of the beam
longitudinal polarization using SR was proposed. All estimations in these papers were based
on the quantum electrodynamics .
Note, that as the spin of the particle is of the order of the Planck constant h¯, the
contribution of the spin in the characteristics of the SR to the first order of h¯ is of classical
nature. The semiclassical theory of the SR was developed in [4], however they did not
consider the case of longitudinal polarization of the electrons.
On the other hand, it is well known, that the spin of the electron can be described by
Grassmann variables already at the ”classical” level in pseudoclassical theory of relativistic
spinning particle (after quantization this theory results in a Dirac theory of the electron)
The consistent description of the spin in external fields using Grassmann variables already
at the classical level allows to investigate spin effects in radiation processes using classical
equations of motion.
Lienard-Wiechert potentials for the relativistic spinning particle with anomalous mag-
netic moment in the pseudoclassical approach were constructed in [5]. In the latter the
general expressions for the Lienard-Wiechert potentials were used for investigation of some
specific cases of the motion of the spinning particle. In particular, the spin dependencies of
intensity and the polarization of the SR of the transversely polarized particle performing uni-
form circular motion were investigated. It is important to stress, that within our approach
the evaluation of the formulae, describing the spin dependence of the measurable character-
istics of the relativistic particle radiation is much easier, than in quantum electrodynamics.
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In this paper general expressions obtained in [5] will be used for investigation of the
spin dependencies of the intensity and polarization of the SR of the longitudinally polarized
particle performing uniform circular motion in the magnetic field.
Pseudoclassical theory of the interaction of the relativistic spinning particle with anoma-
lous magnetic moment (AMM) with electromagnetic field is a sample of the constrained
theories. Acting in the standard way, when additional constraints are introduced into the
theory for complete fixation of the gauges and keeping only terms up to second order in
Grassmann variables (which is equivalent to keeping only terms, which are of the first order
in spin), we obtain for the potentials of the electromagnetic field Aµ the equation (for details
see [5])
✷Aµ = jµ, (1)
where jµ is given by the expression
jµ(y) = g
∫
dτx˙µδ(x(τ)− y) + ∂
∂yν
∫
dτδ(x(τ)− y)pνµ(τ). (2)
Here y is observer’s coordinate, g is the charge, xµ -the coordinate of the particle, the overdote
denotes the differentiation over τ along the trajectory, pµν is the tensor of the dipole moment
of the particle.
As it was done in [5], here also the physical constraints fixing the gauges of the theory
will be chosen in the form
∂µA
µ = 0,
·
x
2
= 1, qµ = pµν
·
x
ν
= 0. (3)
The second relation in (3) means that the parameter τ becomes a proper time of the particle,
while the third relations corresponds to the fact, that the electric dipole moment of the
particle qµ is equal to zero, as it should be for a point particle.
The first summand in (2) corresponds to the current of the particle without a dipole
moment and the second term corresponds to the contribution to the current of the dipole
moment of the spinning particle.
In the chosen gauge for the theory of the particle without AMM considered here pµν is
given by the expression [5]:
pµν =
g
m2
εµνλσW
λ ·xσ. (4)
Here W µ denotes the pseudoclassical analog of the Pauli- Lubansky vector, which is con-
nected with the vector of the particle spin in the particle rest frame by the relation
Wµ
m
=

γ(~v~S), Si + γ2vi(~v~S)
γ + 1

 , (5)
where ~v ≡ (vi) = dxi/dt is three dimensional velocity of the particle, dt/dτ = γ =(√
1− v2
)−1
(in pseudoclassical theory the tensor pµν and vectors Wλ and Si are quadratic
in Grassmann variables; their explicit expressions are irrelevant for this investigation).
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The solution of the equation (1) (with the current represented in the form of (2)) in terms
of the retarded fields was found in [6]. Here we will present only that part of the general
expression, which corresponds to the particle radiation field:
F µνret (y) =
1
2πρ
[
g
(
k[µ
··
x ν] − ( ··x k)k[µ ·x ν]
)
+ P
[µν]
1
]
τ=τr
, (6)
where ρ =
·
xνRν , kµ = Rµ/ρ, R
µ ≡ yµ − xµ(τ), RµRµ = 0; all quantities in (6) are evaluated
at the retarded time τr defined by the equation t0 = t0(τr) = t − R(t0) and P µν1 is given by
the expression: 1.
P µν1 = T
µαkαk
ν , T µν =
··
pµν − 3( ··x k) ·pµν + 3( ··x k)2pµν − (···x k)pµν . (7)
In formulae (6) the first term corresponds to the contribution of the charge of the particle,
the second -to the contribution of the dipole moment.
Consider now the case of the longitudinally polarized particle (~v||~S) moving in the homo-
geneous magnetic field ~B. As it is well known, the angular velocity of the particle without
anomalous magnetic moment in this case is equal to the spin precession angular velocity and
the chirality of the particle doesn’t change during its motion. Then we have the relation
vk = λ
v
S
Sk, λ = ±1, (8)
(~v~a) = (~S~a) = 0,
·
γ= 0,
·
~ω= 0, (9)
where ~a = d~v/dt.
Taking into account these relations and also the expressions (5) we obtain for the com-
ponents p0i and pij of the dipole moment tensor (4) and their derivatives relations
p0i =
·
p0i=
··
p0i= 0, (10)
pij = − g
m
εijkSk,
·
p ij = − g
m
εijk
·
S k = −γ g
m
(ωiSj − ωjSi)),
··
p ij = γ
2 g
m
ω2εijkSk. (11)
Returning now to the formula (6) we find for the contribution of the dipole moment of
the particle to the particle radiation field (denoted by Edipi ):
Edipi = −
(
F rad0i
)dip
= − 1
4πρ
(P1,0i − P1,i0) =
= − 1
4πρ
[
T0lk
lki − Tiλkλk0
]
τ=τr
= − 1
4πρ
[(
δijk
2
0 − kikj
)
T0j + Tijkjk0
]
τ=τr
, (12)
1Here and below square brackets [. . .] denote complete antisymmetrization:e.g.,
A[αβγ] = 1/3! {Aαβγ +Aβγα +Aγαβ −Aβαγ −Aαγβ −Aγβα} ;
round brackets (. . .) denote complete symmetrization: e.g.,
A(αβγ) = 1/3! {Aαβγ +Aβγα +Aγαβ +Aβαγ +Aαγβ +Aγβα} .
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where T0i and Tij are components of the tensor Tµν . It is easy to see that the components
T0i are identically zero due to the relations (10). Now taking into account the relations
·
xµ = γ(1, ~v), ρ = γ(R− (~v ~R)) = γR(1− (~v~n)), γ = 1/
√
1− v2,
··
xµ =
(
γ4(~v~a), γ2~a+ γ4~v(~v~a)
)
, kα =

R
ρ
,
~R
ρ

 = R
ρ
nα, nα =
Rα
R
, (13)
···
xµ =
(
·
a0, γ3d~a/dt+ 3γ5(~v~a)~a+
·
a0 ~v
)
,
·
a0= γ5
[
(~vd~a/dt) + ~a2
]
+ 4γ7(~v~a)2,
we transform the formula (12) into
Edipi =
R2
4πρ3
Tijnj =
1
4πR(1− (~n~v))3
g
mγ
[
3(~a~n)
1− (~n~v)
(
ωi(~S~n)− Si(~ω~n)
)
+
+ εijknjSk
(
3(~a~n)2
(1− (~n~v))2 −
ω2
1− (~n~v)
)]
τ=τr
. (14)
Substituting expressions (13) into first term of the formula (6) we get the well known
expression for the strength of the electric field Echi of the spinless charged particle radiation:
Echi =
g
4πR(1− (~v~n))3 [(ni − vi) (~a~n)− ai(1− (~v~n))]τ=τr , (15)
Eradi = −F rad0i = Echi + Edipi .
The intensity of the SR is known to be proportional to (Eradi )
2 =
(
Echi + E
dip
i
)2
. The
contribution to the radiation intensity of the dipole moment of the particle to the first order
in spin evidently will be defined by the term 2Echi E
dip
i . Using expressions (14) and (15), we
find
2Echi E
dip
i = 2
(
g
4Rπ
)2 λSv
mγ(1 − (~v~n))6ω
2(~ω~n) =
= −2
(
g
4Rπ
)2 λSvω3
mγ(1− v cos θ)6 sin θ sinϕ, (16)
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where θ and ϕ are angles, defining the direction of the vector
~n in the coordinate system, defined by the vectors ~v, ~a, ~B (see
Fig.1). Taking into account the expression (16) we write for
the contribution of the dipole moment to the intensity of the
synchrotron radiation in the first order of spin
dIdip
dt0dΩ
= −
(
g
4π
)2 2λ
(1− v cos θ)5
ω3vS sin θ sinϕ
mγ
. (17)
From (17) one can see that the integral contribution of the dipole
moment of the particle to the intensity of the SR in the first order
of spin for longitudinally polarized particle is equal to zero.
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Integrating (17) over the upper hemisphere (0 ≤ ϕ ≤ π, 0 ≤ θ ≤ π), we get
dIdipup
dt0
= − g
2
4π
4 + v2
8m
ω3vλSγ6. (18)
From (17), taking into account, that
dIdipup
dt0
= −dI
dip
down
dt0
, (19)
and that
dItotup(down)
dt0
=
g2
4π
a2
3
γ4 +
dIdipup(down)
dt0
(20)
we find for the asymmetry of the SR into upper (up) and down (down) hemispheres the
expression
δ =
dIdipup
dt0
− dI
dip
down
dt0
dItotup
dt0
+
dItotdown
dt0
= −3(4 + v
2)
8mv
ωγ2λS. (21)
In ultrarelativistic case we have
δ = − 15
8m
ωγ2λS. (22)
Now taking into account that S = 1/2, the relation ωmγ = gB and introducing the
Shwinger field H0 = m
2/g = 4.41 · 109T , we can rewrite the last equation in the form
δ = −15
16
γλ
B
H0
. (23)
For LEP energies of E = 45Gev wiggler magnetic fields B = 2T we find for λ = 1 δ =
−0, 38 · 10−4, which coincides with the calculations based on the quantum electrodynamics
[3]
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To investigate the characteristics of the polarization of
SR we resolve (following [7]) the electric field strength ~Erad
into components along the vectors ~e = ~a/a and [~n,~e]:
~Erad = E1~e+ E2 [~n,~e] . (24)
This choice of unit vectors is suitable for description of the
radiation of the relativistic particles using angles defined
on Fig.2, which are appropriate since the main contribu-
tion to the radiation comes from small (∼ 1/γ) angles β
and ψ, in accordance with the fact, that the angle between
vectors ~n and ~v is of the order of (∼ 1/γ). As it was men-
tioned in [7], the vector ~E is not orthogonal to vector ~n, however this deviation is of the
5
order of 1/γ, so that the decomposition (24) can be used for calculation of major terms
(with accuracy 1/γ). From formulae (14) and (15) we get according to decomposition (24)
the expressions for E1 and E2:
E1 =
ga
πR(µ2 + ψ2)3
(
(ψ2 − µ2) + 4aλS
mγ
β(µ2 − 5ψ2)
(µ2 + ψ2)2
)
τ=τr
, (25)
E2 = − 2ga
πR(µ2 + ψ2)3
(
βψ − 4aλS
mγ
ψ(2µ2 − ψ2)
(µ2 + ψ2)2
)
τ=τr
, (26)
where µ2 = γ−2 + β2.
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